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Abstract 



For a general class of elliptic PDE's in mean field form on compact Riemann surfaces with 
exponential nonlinearity, we address the question of the existence of solutions with concen- 
trated nonlinear term, which, in view of the applications, are physically of definite interest. 
In the model, we also include the possible presence of singular sources in the form of Dirac 
masses, which makes the problem more degenerate and difficult to attack. 
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on a compact Riemann surface (S,g), where A > 0, k is a smooth function and IS"! is the area of 
S. Here, A g is the Laplace-Beltrami operator and dv g is the area element in (S,g). 

Equation ([1]) and its variants arise in many different contexts. The Nirenberg problem concerns 
the existence on § 2 of metrics -conformal to the standard round metric go- with Gaussian 
curvature k, and corresponds to equation ([l} with A = 8ir. Indeed, a solution u of (JlJ on (S 2 , go) 
with A = 8ir provides a metric -j — — 90 > conformal to go, with Gaussian curvature k. For 
a general compact Riemann surface, the prescribed Gaussian curvature problem is referred to 
as the Kazdan- Warner problem. Since there are plenty of results in literature, let us just quote 
the ones due to Kazdan and Warner [19], Chang and Yang [6] and Chang, Gursky, Yang [5]. 
For bounded domains of IR 2 , a variant of ([1} with Dirichlet boundary condition arises in fluid 
mechanics as the equation for the stream function of a turbulent Euler flow with vortices of 
same orientation. By a statistical mechanics approach a rigorous derivation of it can be given as 
the mean-field limit of the Onsager's vortex theory, as shown by Kiessling [JJ [5D] and Caglioti, 
Lions, Marchioro, Pulvirenti [3j [4] , and it is referred to as the "mean field equation". In all these 
contexts, the function k is typically positive. 
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1 Introduction 



Let us consider the problem 




(1) 



Notice that ([]} contains also the singular mean-field equation 



, { h&V 1 \ 47FiV , V- r 

~ v = W**r. -\s\) + ls\- 47r § ^ 111 5 

i 

as a special case, where /i > 0, pj G 5, j = 1, . . . , m, are distinct points, rij G N and N = rij. 

i=i 

Indeed, introducing the Green function G(x,p) with pole at p € S 1 as the solution of 

-A fl G(-,p) = S p - j|y in 5 

^(7(^)^ = 0, lj 
i 

the function u(x) = v(x) + 47T J~] UjG(x,pj) does solve (JTJ> with k(x) = h(x)e~ 4 ' K ^= injG( - x ' Pi \ 

i=i 

Here, the function fc is no longer positive, but is still nonnegative with zero set {pi, ■ ■ ■ ,Pi}- 
When S is a flat two-torus, singular mean-field equations arise in the study of the asymptotics 
for non-topological (stationary) condensates in the relativistic abelian Chern-Simons-Higgs model 
as the Chern-Simons parameter tends to zero, as shown by Nolasco and Tarantello [29] (see also 
[24l [28]). In the context of Euler flows, the presence of singular sources model the interaction a 
fluid running on the given surface S with sinks of given vorticities and opposite orientation w.r.t. 
all the vortices present in the fluid. 

Observe that ([1} admits a variational structure, in the sense that weak solutions for ([T]) are 
critical points of the following energy functional 

Jx(u) = i J \Vu\ 2 g dv g - A log (J ke u dv)j , ueH, (3) 

where H = {u 6 H 1 (S) : J s udv g — 0}. For A < Sir, J\ is bounded from below and the infimum 
of J\ is achieved by the well-known Moser-Trudinger inequality. In the regular case k > 0, Struwe 
and Tarantello [3D] were able to obtain non-trivial solutions of ([1]) for 8n < A < An 2 on the flat 
torus with fundamental domain [0, l] 2 (with k = 1). In the case of compact Riemann surfaces 
with genus g > 1 the existence of solutions for ([IJ with 87r < A < 16/T was shown in [T3] still 
by a variational approach. The case S — S> 2 of genus was considered by Lin |23) who proved 
nonvanishing of the Leray-Schauder degree d\ associated to ([1]) for 87r < A < 16vt (and d\ = 
for 16tt < A < 24tt). 

Since the solutions set of ([T]) is bounded in C 2 ' a (S), a € (0, 1), as long as A is far from the critical 
parameter's range 8vtN, the degree d\ is well-defined and constant for all A G (87rm, 87r(m + 1)), 
m € N. As observed by Y.Y. Li 22 , its value should just depend on m and the topology of S. 
The program for computing d\, initiated in [22], was completely settled in [9] by showing that 

fm- X {S) 
y m 

where x(S) = 2 — 2g is the Euler characteristic of S (see also the variational approach later 
developed by Malchiodi [27]). For S ^ § 2 , the degree d\ is always non-trivial yielding to a 
solution of ([1]) for all A ^ 8vtN and all surface S topologically different from the sphere. While, 
as already partially proved in [53], for the sphere S = S 2 there holds d\ — for all A > 16vt 
with A ^ 8vtN, and no existence statements can be deduced. A complete positive answer to the 
existence issue for ([T]) has been provided by Djadli [2] for all A ^ 8wN by means of a variational 
approach of min-max type, inspired by the result in |15| concerning the fourth-order Paneitz 
operator in conformal geometry. 
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Solutions of (pj are no longer a pre-compact set when A — > 8irN: blow-up in L°°— norm and 
concentration of the measure A j ^ dv as a sum of Dirac masses possibly arise (always at the 

same time) along sequence of solutions as A — > 8irN. Since d\ can change just when A crosses the 
values 87rm, m £ N, it is crucial to have a precise asymptotic knowledge of blow-up solutions ma 
and uniquely characterize them as A — > 8irm. The most refined asymptotic analysis is given in 
[8]: in particular, as A — ¥ 8itm u\ has m well-separated maximum points (up to a subsequence) 
which converge to a critical point in S rn \ A of 

1 m m 

= E lo s + E H &>& + E G ^ > &)< ( 4 ) 

i=i j=i i^j 

where F(x, £) is the regular part of G(x, £), S = {k > 0} and A = {£ € S m : & = ^ for i ^ j} 
is the diagonal set in S m . In [9] blow-up solutions are constructed and their contribution to 
the degree is computed, so to determine (by local uniqueness of blow-up solutions) the jump in 
the values of d\ across A = 8irm. Since the degree d\ does not depend on k, it is possible to 
choose a positive function k so that all the c.p.'s of tp m are non-degenerate, and then in [5] the 
authors simply address the existence of blow-up sequences of solutions for {T]) which concentrate 
at non-degenerate c.p.'s of ip m asA-> 8nm. 

The aim of the present paper is twofold. On one hand, we are interested in the construction 
of blow-up solutions with a general potential k for which the corresponding ip m can possibly 
have degenerate but "stable" c.p.'s. Since on a compact surface S it is relatively easy to produce 
"stable" c.p.'s, as a by-product we will obtain some general existence result for k > (reminiscent 
of the general result in |14j). Since J s ke Ux dv g — > +oo along any non-compact sequence u\, 
through the setting p = j k^ dv problem ([T]) is naturally related (but not equivalent) to — A g u = 

p [ke u — J s ke u dvg^j with p — > + , which has been recently studied by the second author in 
|18j . Blow-up solutions for the corresponding Dirichlet problem 

— Au — pke u in Q 
u = on 9f2 

on a bounded domain £1 C M 2 have been constructed at c.p.'s of ip m which are non-degenerate 
[TJ or, more generally, "stable" |12[ 117] , 

On the other hand, we are interested to the singular mean-field equation or, equivalently, to ([T]) 
with a nonnegative potential k which vanishes somewhere. As we will explain below, in the model 
case of the flat torus the problem becomes more degenerate and existence issues more difficult 
to address. 

Setting 

Pj (x) := k(x)e 8nH ^+^^ G ^\ (5) 
for £ E S m \ A we introduce the notation 

m 

mo = 4 ^E i A spMj) - miMm , (6) 

where K is the Gaussian curvature of (S,g). Our first main result is 

Theorem 1.1. Let T> CC S m \ A be a stable critical set of <p m . Assume that A(£) > (< 
resp.) for all £ G T>. Then, for all X in a small right (left resp.) neighborhood of 87rm there is a 
solution u\ of ([1]) so that (along sub-sequences) 

f eUX ^STrfx (7) 

as A — > 8irm in the sense of measures in S, for some q — (qi, . . . , q m ) € T>. 
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Along with (J7J) notice that there always hold that u\ — log J s ke Ux dv g — > — oo in C\ QC (S \ 
{qi,.. .,q m }) and 

sup ( u\ — log / ke Ux dv, 



"a 

Uj \ Js 

as A — > Sirm, for any neighborhood Uj of qj in S, j = 1, . . . , m. The notion of stability we are 
using here is the one introduced in |21) : 

Definition 1.2. A critical set T> CC 5™ \ A of <p m is stable if for any closed neighborhood U of 
T> in S m \ A there exists 5 > such that, if ||G — (fimWc 1 ^) < ^> then G has at least one critical 
point in U. In particular, the minimal/maximal set of tp m is stable (if (p m is not constant) as 
well as any isolated c.p. of ip m with non-trivial local degree. 

Since A(£) can be re- written as 

m 

A(0 = 47r^p,-fe)[A 9 log ft fe) + |Vlog Pj fe)|^-2^fe)] 

3=1 

m „ 
= 47r^p J (0)[A 9 logfcfe-) + ^ + |Vlogp J fe)|^-2^)], (8) 

3=1 W 



for a c.p. of if m we have that 



A(0 = 47r£>&)[A fl logfcfo) + ^ - 2if&)] 



3=1 

in view of Vp 3 (^ ) = for all j = 1, . . . , m. Since for k > the function ip m always attains its 
minimum value in S m \ A and the minimal set is clearly stable, as a by-product we have 

Corollary 1.3. Assume k > 0. Let m £ N be so that either 1 < m < infs ~ ^-g logfe] or 

m > sup s ^ — A g log fc] . Then there exist solutions u\ of (QJ) which concentrate at m points 
qi, . . . , q m in the sense ([7]), where q — (qi, . . . , q m ) is a minimum point of ip m in S m \ A. 

Remark 1.4. If the surface (S, g) has constant Gaussian curvature, by the Gauss-Bonnet for- 
mula we have that K = and ^[2K - A g logfe] = ^f- if k = 1. Corollary O then 
provides for k — 1 and S ^ §> 2 ,T, T being the flat two-torus, the existence of blow-up solutions 
u\ concentrating at m points as A — > 87rm for all m > 1, where A belongs to a small right 
neighborhood of 87tto. Notice that on T ipi is a constant function when k = 1. 
The same is true on S 2 and T for all m > 2. 

There are unfortunately cases where the sign of A(£) is not available. By invariance under 
rotations, it is easily seen that on S 2 the function is constant, and then the c.p.'s of (fx 

and k do coincide. Since in particular VH (x, £) = 0, by (0) for 5 = § 2 and m = 1 the 

an=£ 

coefficient writes as 

A(0 = 47rk(0e^ H ^ [A g log k(0 + |V log fc(0£] = 4^ 8 ^«>«> A ff 

and might vanish at some c.p. of k. Another typical example is the singular mean-field equation 
on the flat two-torus T with h — 1 and singular sources pi , . . . , pi with even total multiplicity 
N (i.e. equation © with fc = e~ 47r £$=i «i G (^)) : when m = f , in view of K = by © the 
coefficient A(£) writes as 

m m 

A(0 = 47r^p,(0)|Vlogp 3 (^)| 2 = (4^) 3 ]>>fe-)|V^ m (£)| 2 > 0, 

3=1 3=1 
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and vanishes exactly at the c.p.'s of tp n 
necessary. 

Introduce the following quantity 



In all these situations, a more refined analysis is 



B(0 



-2tt 



+ lim 



'A g Pj(.ti)-2K&)p j (£ j )]to&Pi(& 

ke ^i:T=iG(x,^) dVg _ 

S\Uf =1 B r (^) 



A(0 



Sn 

r 



2 



Pj (t; 3 ) - A(o\o g 



where -B r (£) denotes the pre- image of B r (0) through the isothermal coordinate system at £. We 
have the following general result, of which Theorem II .11 is just a special case: 



Theorem 1.5. Let T> CC S m \ A be a stable critical set of <p m . Assume that 

either A(£) > (< resp.) or A{£) = 0, B{£) > (< resp.) 



(9) 



do hold in a closed neighborhood U of T> in S m \ A. Then, for all X in a small right (left resp.) 
neighborhood of8nm there is a solution u\ of (flj which concentrate (along sub-sequences) at m 
points qi, . . . , q rn in the sense Hj), for some q £T>. 

To deal a with stable critical set T> in the sense above, we need to require condition Q on a 
neighborhood of T>. In case we strengthen the stability assumption, we can relax the assumption 
© to hold just on T>. As an instructive example, in Remark 14.51 -fi) we present the case of a 
non-degenerate local minimum/maximum point. 

We can now discuss the two previous examples for which the coefficient A{£) vanishes. For 
S = S 2 and m = 1, there holds (fi = ^logfc + const, in view of £) = const.. Assuming 
that A g k > in a small neighborhood U of the minimal set V = {£ € S : <£>i(£) = mins ipi}, 
we have that A(£) > in U. We just need to show that B(£) > in U so to use Theorem 11.51 
with T>, which is clearly a stable critical set of </?i as soon as k is not a constant function. Up 
to take U smaller, it is clearly enough to show that £?(£) > for all £ £ T> with = 0. Up 
to a rotation, we can assume that £ is the south pole P of § 2 . The stereographic projection 
7r : (x,y,z) — > (j^r-, T^~) through the north pole is an isometry between (§ 2 \ {north pole}, go) 



and (1 
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(4+u 2 +v 2 ) 2 u euc 



l). Since it is easily seen that dist (tt 1 (u,v),P) — \(u,v)\ and 



G(n- 1 (u, v) , S) = - -L log | (u, v) | + i- log(4 - 



in the coordinate system tt in terms of k{u, v) = k(ir 1 [u, v)) we can write that 

k(u,v) - fc(0,0) 



B(P) = 128 lim 



R 2 \B r .(0) 



{a 2 



,2\2 



-dudv > 



in view of k > k(P), k ^ k(P). Similarly, we can treat the case in which A g k < does hold in a 
small neighborhood U of the maximal set T). 



In the case of the flat two-torus T with TV even, m 
at a c.p. £ of (f m the coefficient 



and k = e u °, u a = — 47r^ - 1 rijG(x,pj) 



B(0 = lim 
can be re-written in the following way: 



,2 Z^' 
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• if N = 2, m = 1 



B(0 = 8e 



Uo(£)+87rff(e,e) 



; «o(x)-«o(5)+87rH(x,0-87rHK,0 _ 1 



CI 4 



-dx 



dx 



'-\T 



a\ 4 



where the integral on T is conditionally convergent in view of V(uo(x) + 8irH(x, £)) =0 
and A{u (x) + 8ttH{x,£)) = 0; 



• if TV > 4 even, m = y 



ri.-r 



B 2 \T 3 - 



Ol 4 



where T has been splitted into disjoint sets Ti, 
all j. 



, T m so that B r (£j ) C Tj for r small and 



When N = 2, T is a rectangle and pi = |>2, the constant -B(£) has already been introduced in [TU] 
in the computation of the Leray-Schauder degree for such a mean-field equation with singular 
sources. The function (p% = j 2 - + const, has exactly three non-degenerate critical points £i, £2 
(saddle points) and £3 (maximum point) with -B(Ci), -8(62) > and B(^) < 0. By Theorem II .51 
and Remark 14.51 - (i) we deduce the existence of 

• two distinct families of solutions, for A in a small right neighborhood of 871", concentrating 
at £1 and £ 2 as A —> 8ir; 

• one family of solutions, for A in a small left neighborhood of 871", concentrating at £3 as 
A -> 8tt. 

The constant B(£) has also been recently used in the construction of non-topological condensates 
for the relativistic abelian Chern-Simons-Higgs model as the Chern-Simons parameter tends to 
zero, see j^S]. Unfortunately, when N > 4 there are no examples where the sign of B(£) can be 
determined. 

To explain more clearly such a connection, recall that in the relativistic abelian Chern-Simon- 
Higgs model the N vortex-condensates are gauge-periodic stationary matter configurations with 
finite-energy that, in the self-dual regime, express in terms of solutions for 



Aw 



1 



'(l-e»)-47r$>A, 



(10) 



in a flat two-torus T. We refer to [16] for a complete account on the model and to [32] for the 
analytical results concerning it. The quantity 2e > is the Chern-Simons parameter, pj € S, 
j = l,...,m, are distinct points and n, E N. Physically, e is very small and two classes of 
solutions are relevant: either e w — > 1 as e — > + ("topological" type) or e w — > as e — > + ("non- 
topological" type). Topological solutions were first found by Caffarelli and Yang [2]. However, 
non-topological condensates represent the main feature of the Chern-Simons-Higgs model which 
were absent in the classical (Maxwell-Higgs) vortex theory, whose existence was established by 



Tarantello [3T]. Through the change w 
equation (fTU)) reads equivalently as 

- Aw 



1 



w - uq, u 



ke w (l-ke w ) 



-4ftY^j=i n jG( x 'Pj)i the self-dual 



4nN 



(11) 
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with k = e u ° and N = Y^j=i n j- Setting c = yyy J T wdx and u = w — c € H, an integration of 
(|TT|) provides a relation between c and it (see [31]): 

ke u dx-e 2c [ k 2 e 2v d.r ■. 4;tAV\ 

Hence, necessarily 

u e A = ^ " -:- ^/ 

and then c = c± (it) with 

e c ±(") 



ke u ) - 167dVe 2 / k 2 e 2u > 

T 



8nNe 2 



J T ke u T yJ(J T fee") 2 - WirNe 2 J T fc 2 e 2 « 

For solutions of "non-topological" type it is natural to choose c_(u), and then equation (|lip 
reads in terms of u € A e as 

* ,rf k e u 1 \ 
- Au = 4?riV -=— - — 

64^ 2 iV 2 e 2 / T fcV" ( ke u k 2 e 2u \ 



( J T fee" + ^/(/ T fee") 2 - 16nNe 2 J T fc 2 e 2 ") " 



When AT is even and m = -y, equation (|12p is a perturbation of (JT])A=87rm as e — > + . The 
parallel becomes clear if we re-consider (JT]) itself as a perturbation of ^\=g nr n as A — > 8nm. As 
far as (JTJ is concerned, the sign of the perturbation can be chosen since it depends on A — 8nm. 
For (|12JI the sign of the perturbation is given and is like the case A < 8nm in which we need to 
require ([9]) with the negative sign < 0. Even if we always have the wrong sign A(£) > 0, the 

rn 

coefficient A(£) behaves like |V<y9 m (£)| 2 := I^^VmCOIs an< ^' near a critical set V of ip m , is 

i=i 

very small. The condition B(£) < on T> will then be enough, as stated in the following: 
Theorem 1.6. Assume N even. Let T> CC (T \ {pi, . . . ,pi}) m \ A be a stable critical set of 

Assume that B(£) < does hold in T>. Then, for all e small there is a solution w e of (|10p which 
concentrate at m points q±, . . . , q m , q (z T>, as e — > in the sense of measures: 



V'(l-e^)-87r5> r 

3=1 

Correspondingly, there exist non-topological N vortex-condensates of gauge potential A e and Biggs 
field <f> t for which the magnetic field (-Fi2)e is very concentrated at the m points q±, . . . ,q m (ex- 
ternal to the so-called vortex-set {pi, . . . ,pi}) as e 0. 

Theorem 11.61 improves the result in (see also [25] for solutions of (JTU)) concentrating on 
the vortices) where they just deal with isolated c.p. of ip m with non-trivial local degree. Our 
"stability" assumption is essentially more general and, for example, (p% has always the maximal 
set as a "stable" critical set. Unfortunately, since we don't know whether the coefficient B(£) < 
or not (apart from the case N = 2, p\ = pi, T a rectangle), our improvement is just partial and 
doesn't lead to a general existence result for 1— point concentration. 
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2 Approximation of the solution 

To construct approximating solutions of (J]) , the main idea is to use as "basic cells" the functions 
«5, { (x) = uo(^=^)-21og5 5>0, ?eR 2 



where 



They are all the solutions of 



u (r) = log 



(1 + P 2)2- 



Au + e u = in M 2 



J ma e u < oo, 

and do satisfy the following concentration property: 

e" a - 5 — v 87r<5^ in measure sense 
as 5 — ► 0. We will use now isothermal coordinates to pull-back ug £ in S. 

Let us recall that every Riemann surface (S, g) is locally conformally flat, and the local coordinates 
in which g is conformal to the Euclidean metric are referred to as isothermal coordinates (see 
for example the simple existence proof provided by Chern [IT]). For every £ g S it amounts to 
find a local chart y%, with = 0, from a neighborhood of £ onto -B2r (0) (the choice of ro 

is independent of £) in which g = e^^ y ^ x ^ dx, where £ C°°(i?2r o (0),R). In particular, ^ 
relates with the Gaussian curvature K of (S, g) through the relation: 

A0 c (y) = -2K(y^(y))e^M fo r y g S 2ro (0). (13) 

We can also assume that yj, ip^ depends smoothly in £ and that <f^(0) = 0, V^(0) = 0. 
We now pull-back us,o in £ € S, for 5 > 0, by simply setting 

f/a.sOO = u 5>0 (y{(a;)) = log 



(S 2 + |%(*)| 2 ) 2 

for x g j/^ 1 (i?2ro(0))- Letting x € C^°(i32ro(0)) be a radial cut-off function so that < x < 1; 
X = 1 in i? ro (0), we introduce the function PUg^ as the unique solution of 

-AgPUg.^x) = ^fsJe-wWe^eW - ^ / s ^e^e^di;, in 5 

where xc( 2: ) = x(\y^( x )\) an d ^(a ; ) = <P£(yt(x))- Notice that the R.H.S. in (fT4|) has zero average 
and smoothly depends in x, and then (|14j) is uniquely solvable by a smooth solution PUg^. 

Let us recall the transformation law for A g under conformal changes: if g — e v g, then 

A~ g = e^A g . (15) 
Decompose now the Green function G(x, £), £ £ S, &s 

G(x,0 = -^(z) log|%(z)| 

Z7T 



and by ([5]) then deduce that 



= -2¥ A ^« log 1^(^)1 - ^(Vxe.Vlogl^OzODg - ^ in 5 
J s H(;£)dv g = ^J s X^og\y s (-)\dv g . 



We have used that 

A g log \y s (x)\ =e-*«^Alog|i/| = 27r<% 

in view of (fT5|) . 

For r < 2r define B r (£) = y~ 1 (B r (0)), A r {£) = B r (£) \ B r/2 (£), and set 
Since by {37} 

/A = 2^2 / A fl *,, e d« fl + 0(5 2 ) = 0(S 2 ) 
j s 

for all 6 > 0, notice that J s = 0, and then F% is well defined as the unique solution of 

f _A F, — in Q 

(16) 



-A ffJ F ? = / £ in 5 

We have the following asymptotic expansion of PU$£ as S —> 0: 
Lemma 2.1. TTie function PUs.^ satisfies 

PUt4 = Xi [Us,z - log(85 2 )] + 8nH(x,0 + a s , 6 - 26 2 F ( + 0{5 A \ log J|) 
uniformly in S , where F% is given in (| 16[) and 



|5| |5| \J R 2 \y\ 2 J R 2 \y\ 



In particular, there holds 

\y&)\ 2 



r2 

PUst = 8wG(x,0 ~ 2 . x * + a s ,t - 2<5 2 F 5 + 0{5 4 \ logd\) 



locally uniformly in S\{£}. 
Proof: Let us define 

where Ug£ = Us,£ — log(8<5 2 ), for which there holds 

J s *s*dv g = - jf [xe^.e + 87rff(x, £)] dv 9 = -J s % log (J2 ^j^pp *V 



Since U$£ satisfies in i?2r (C) 



-A g Us,( = -e-^Aue, 



= e-^e u ^ 



v=vd x ) 

in view of (|15p . by the equation of if (a;, £) now we have that 



-A 5 * 5 , e - 2^Vx e ,V^+4Vlog|^(a;)|^+A 9 X{ + 41og|y e (x)|) 



Also, we have that in j42r (0 

(P + \yt(x)\*)* \yt(x)\ 



Us, 6 + 4 log \y t (x) | = log /x2 ™]l" 2 = -2^7^ + 0(5 4 ) 
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and 

and there holds 



V(J7 5 , C + 41og \yz(x)\) = -25 2 V\y 6 (x)\- 2 + 0(S 4 ), 



J s Je 



B 2r . (0)\B ro (0) 



x{\y\) T ijdy + 0{5 i ) + 



\y\ 



ro (o) ( s2 + \v\ 



2\2 



dy 



8tt- 



8tt + AS 2 



x(\y\) 



r JB 2ro {Q)\B ro (0) W 



dy + 0{5 4 ) 



x'(\y\) 
\y\ 3 



dy + 0(6 4 ) 



in view of dv g = e Vi dy in the coordinate system y^ and 



Ib- 



x(\y\) 
\y\ 4 



dy = 2-7T 



2r„ 



X(r) 



dr = 



IT 1 

^+2 



B 2rQ (0)\B ro (0) 



' B 2r „(0)\B ro (0) 

By the definition of we then have that 

- A s * 5 , 5 = -2S 2 ^ + 0(S 4 ) in S. 
Since J s F^dv g = 0, by elliptic regularity theory we get that 

= -25 2 F C + |1 jf VsjdVg + 0(S 4 ), 

in view of (|16l) . On the other hand, we have that 

l%WI 4 



(17) 



= / X«log 



(52 + 1^(^)12)2 " 
2 



<iv = 2 



Bra(O) 



|y| 2 



S 2ro (0)\B ro (0) V 13/1 / 

<S 2 + M 2 



log- 



o(0) 

2i„„„ ox2 



-e^ (y) dy + 2(5 2 



M 2 \S ro (0) 



X(ltfl) 



e <p«(y) — l 

M 2 



-4tt<5 2 log r - 2<5 Z 



x%|)iog|yj 
\y\ 



dy + 0(6 4 ) 



in view of 



/B 2rQ (0)\B ro (0) 

Since 



x(\y\) 
\y\ 2 



dy = 2tt 



2r 



X(r) 



dr = — 27rlogro 



B 2rQ (0)\B ro (0) 



x'(\y\)iog\y\ 
\y\ 



log^±#^ = S 2 



Br„(0) 



\y\ 2 



B ro /s(0) 



log ^r^dz = 2ttS 2 
\z\ 2 



log 



1 + r z 



r 2 + 1- 



dy. (18) 



rdr 



+7rS 2 log(^ + l)+0(S 4 ) 
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where y = Sz, by = 1 + 0(|y| 2 ) we can write that 



log - | | 2 

s ro (0) \y\ 2 



y\ 



toWdy = 2 / log fr-pr + lVe^ - l)dy - 4tt<5 2 log<5 



-4ir6 2 
--2S 2 



logr 



log 



1 + r 2 



'Br o (0) 
1 



1 



rdr 



0(6 4 ) 



oV>s(y) — i 



-dy-iirS 2 log<5 + 47T(5 2 



b, (o) W\ 
+0(<5 4 |log<5|). 

In conclusion, we get that 

[Vs^dvg =-47rS 2 \ogS + 2S 2 f X (\v\) 
Js Urn 2 



log r 



(log 



1 + r 2 



•(//• 



e ve(y) _ i 

1— ,2 dy + TT- 

\y\ 



x'(|y|)log|y| 



dy 



in view of / °°(log r ^ +1 )rdr = |. This completes the proof. 



0(5 4 |log5|) 



□ 



The ansatz will be constructed as follows. Given m £ N, let us consider distinct points £j G S 
(i.e. £j €E 5 with fc(£j) > 0) and i5j > 0, J = 1, . . . , m. In order to have a good approximation, 
we will assume that 

5] = S 2 pj&) Vj = l,...,m, (19) 

and 

3C> 1 : |A-8ttto| < C<5 2 |log6|, (20) 

where 5 > and pj is as in ([5]). Up to take ro smaller, we assume that the points £j's are well 
separated and fc(£j) is uniformly far from zero, namely, we choose £ = (£i, . . . , £ m ) € S, where 

S = {(6, • ■ • , U) G I > 4ro and fcfo) > r V i, j = 1, . . . , m, i + j}. 

Denote Uj := f^s,-,^ and Wj = PZTj, j — 1, ■ • • , m, where P is the projection operator defined by 

m 

(jl~4"]) . Thus, our approximating solution is W{x) = Wj(x), parametrized by (5, £) € (0, oo) x H. 

Notice that for ro small enough we have that DcHc S"™ \ A. We will look for a solution u of 
([T|) in the form u = W + 4>, for some small remainder term (f>. In terms of 0, the problem (|TJ) is 
equivalent to find cf> £ H so that 



L(0) = + inS*, 
where the linear operator L is defined as 

ke w ( f s ke w cbdv g ^ 



L{4>) = A g <f> + A 



the nonlinear part N is given by 

( ke w+(t > 
N(ct>) = \' 



f s ke w dv g \ J s ke w dv g 
ke w (/) ke w J s ke w <j>dv g 



(21) 



(22) 



ke w 



f s ke w +<t>dv g J s ke w dv g (J s ke w dv g y 
and the approximation rate of W is encoded in 



Lke^dvg 



R= A W + A 



ke 



w 



J s ke^dv g \S\ 



(23) 



(24) 
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Notice that for all <b G H 



L(<j))dv g = / N(<j))dv g = / Rdv g = 



In order to get the invertibility of L, let us introduce the weighted norm 



sup 



^ (^^ ( yWI%WP + r V„(yW) 1+ ' /2 



\h(x)\ 



for any ft G L°°(S), where < a < 1 is a small fixed constant and \A denotes the characteristic 
function of the set A. Let us evaluate the approximation rate of W in || ■ ||*: 

Lemma 2.2. Assume (|19l) - (|20[) . There exists a constant C > 0, independent of 5 > small, 
such that 

\\R\U < C («|V^ m (0lfl + ^"'l log<5|) (25) 



/or aiZ £ e 3, w/iere |Vv>m(£)lg stands /or |V 4j .(^ m (^)|g. 

j'=i 

Proof: First, from Lemma |2~T1 we note that for any j G {1, . . . , m} 

W,-(x) = C/,-(a;) - log(8<5|) + 8tt.H"(s,&) + 0(S 2 \ \ogS\) 
uniformly for x G B ro (£j ) and 

Wj{x) = 8ttG{x,^) + 0(S 2 \log5\) 
uniformly for x on compact subsets of S \ Since by symmetry and tp^, (0) = we have 



Pj(x)e Uj dv g 

B r (£j ) 

we then get that 

ke w dv n = 



Br (0) 

^7 



(i + M 2 ) 2 



(1 + 0(S 2 \y\ 2 ))dy = STrpjfa) + 0{5'\ \og6\), 



By Lemma [2~T1 and ([15]). (j2"g|) we have that 
• in 5 \ Uf =1 B ro (£j) there holds 87tto ke 



m , 

— i r 

/ ^(^(l + 0(<5 2 |lo g( 5|))^ + 0(l) 
E 72 [^^) + °( 52 | lo g 5 l)] + O(l) - ^ + 0(1 l0g<5|) - 



(26) 



J=i ^rov^j uuu» j s ke w dVg = 0(5 2 ) in view of W(as) = 0(1); 

in Z? ro (£,•), j G {1, . . . , m}, there holds 



87TTO 



87rm- 



/ t e - lo g( 8 ' 5 ?)+ 87rff ( a; .« J )+ 87r i:(^ G ( :E ^0+O(5 2 |log5|) 



J s ke w dv g ""' 7rm(5- 2 + 0(|log(5|) 

87rm/jj(a;) + Q(<5 2 | log<5|) ^ 
87rm ft fe)+0(<5 2 |lo g( 5|) e ' 

/ V(ft°^)(0) 

+ \ Pi(0) 



y^))+0(|^>)| 2 +<5 2 |lo g( S|) 
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which can be summarized as follows 
8Trmke w 



J S ke w dv g 



+0(S 2 ) XS \u T=1 B ro ( ij ) 
where Xj — Xf< ■ Since as before 



Exi ! + ( T^A .^(«)) + 0(ltfC f WI 3 + ^|log*|) 



(27) 



S J B 



\1 



Xj e-^e^dv g = I + ° {S2) = 8n + 0{62) 



with tpj = tpt., for 

ke w 

R S7rm = A„iy + 87rm ' 



J s ke w dv g \S\ 



we then have that 



k 1 f 



87rm 

a 



\S\ 



ke w 



By ([27} we now deduce that i2 8 7rm0*0 = 0(6 2 ) in S\ Uf =1 B ro (^) and 

i? 87rm = [-e-w + 1 + 0(|V logfo o ^^(OJH^ (a!)| + <5 2 | log<J|)] e^' + 0(<5 2 ) 
= e^O (|Vlog( Pj o ^^(OJIIy^^)! + |y c »| 2 + <5 2 | log«5|) + 0(<5 2 ) 

in B ro (^j), j G {1, . . . , m}, in view of <Pj(£j) — and Wipj(^j) — 0. From the definition of || • H* 
we deduce the validity of 

||-R8,rm||* < C (*|Vp m (OI« + 5 2 - a ) (28) 
in view of |Vlog(/?j o ^(QJI < |V<^ OT (£)| 9 . Since by 427} 

(UpW i \ / m 

J <J w cfo ~|5fJ =C> (l A_87rm lE^' eC/j + l A - 8?rr 

we get that -Rswmll* = 0(5~ a \\ — 87rm|). In conclusion, by (|2T)]) and (j2"8")) we deduce the 

validity of (gSJ). □ 

3 The reduced energy 

The purpose of this section is to give an asymptotic expansion of the "reduced energy" J\(W), 
where J\ is the energy functional given by ([3]). For technical reasons, we will be concerned with 
establishing it in a C 2 -sense in 8 and just in a C 1 -sense in £. To this aim, the following result 
will be very useful: 

Lemma 3.1. Letting f G C 2 ^(S) (possibly depending in £), < 7 < 1, denote as P%(f) the 
second- order Taylor expansion of f(x) at £: 

P2f(x) = /(0 + (V(/ o y^)(0),y € (x)) + \{D 2 {f o yf 1 )^)^^), y c (x)). 
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The following expansions do hold as 6 — » 0: 



'^f(x)e u ^dv g = 8nf({;)- 26 2 A g f(0 



2tt log 5 



x'(M)iogM 
\y\ 



dy + 7r 



I Xce-«/(as)( 



(5 2 + | % (.t)| 2 5 2 



and 



TT 



s xee-*f{x)e v '* (/ 2 + ^l )2 dv g = ij(2a - l)/(0 + (a - 2)-A ff /(0 + 0(f) 



/or a£l. 

Proof: Since rfu g = e^^ v 'dy, by symmetry observe that 



i 

JS\B ro (0 
2 A /f. „.-l 



X5 e-^/(x)e c/ «dt; g = 8S 2 I *f + 0(<5 4 ) 



S\B. (?) 



x^ f{x \:^\{ ){x) dv g+ 85 2 m) 



\yd*)\ 4 



B 2ro (0)\B ro (0) 



M 4 y 



B 2ro (0)\B ro (0) 



x(\y\) 
\y\ 2 



dy + 0(f) 



as S — > 0. On i?r (£) we get that 



X£e-**f(x)e u »*dv g = / f(y7\y)) 

Bro(0 • / Br (Q) 



(£2 + ^2)2^ 



B ro (0) 



*M/)te 1 (y)) ( ^ y|a)a <fr + / fl (o) ((/°^ 1 )(^)-^(/)(^ 1 (y))) (J2 7, ,,,-, ■///• 



M 2 ) 



Since /(x) — P2(f)(x) = 0(\y^(x)\ 7 ), by symmetry and the Lebesgue Theorem we get that 



s ro (e) -/B ro/5 (o) (i + lvr 



+<5 2 A(/o 2/ - 1 )(0) 



B. o/5 (0) (1 + ll/l 2 ) 2 



jdy + 85 1 l e 

B ro («) 



-dw g + o((5 2 ) 



8-/(0 (l - ^T 2 ) + 2^ A(/ o w ^)(0) (log £ + i + 



<5 2 £ 2 + r 2 



- 1 



+8S 2 



- Ve f(x)-W)(x) 



dv g +o(S 2 )=8wf(0[l-^ 



+27T(5 2 (-21ogJ + 21ogr - 1)A(/ o y^)(0) + 85' 



Br (S) 



k(*)l 4 



-d Vg +0(S 2 ). 



In view of (TT51) and 



B 2ro (0)\B ro (0) l# ir ^ 3 r 2 is 2ro (Q)\S ro (0) li/P 
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summing up the two previous expansions we get that 



X S e-^f(x)e u ^dv g = 87r/(0-2<5 2 A(/oy- 1 )(0) 



2tt log S + 



x'(M)iogM 



\y\ 



dy + 7r 



+86' / Xi e 



-<ps 



f(x)-P 2 (f)(x) 
l%(*)| 4 



I2/I 3 



dy + o(<5 2 ). 



Since by (US]) A s /(x) = e -^A(/ o y- 1 )^)), we get that A(/o 2/ - 1 )(0) = A s /(0, and the 
validity of the first expansion then follows. The other two expansions are simpler because of the 
stronger decay Indeed, by the Taylor expansion of / at £ and the symmetries we get that 



X( e~^f(x)e u ^ 



{foy^ x ){5y) — 
) y L 



dy 



8 

I s 



f(0 



dy 



(1 



\2\3 



S 2 f 

4 Jr 



\y\ 2 



R2 (1 + M 2 ) 3 



dy + o(<5 2+7 



M 2+ ^ 

(1 + M 2 ) 3 



dy 



0(5 2 



/(O+*A fl /(0 + O(^) 



in view of / R2 (1+ |-, a)a - 2 



^— - 5 and 
I2/I 2 



(1 + M 



2ys 



d/y 



(i + M : 



dy 



(i + M 



2VS 



Similarly, we have that 



(<5 2 + Is/eC^)! ) 5 JB ro/s (o) 



a-\y\ 2 



S 2 

-in 



/({) 



R2 (1 + M 



(/o^)(^)- +M2)4 

M 2 («-M 2 ) 



+ 0{5 2 



(i + M 



2\4 



-dy 



■0(P) 



(2a - + (a - 2)-A fl /(0 + 0(<F) 



in view of 



Q~M 2 

(1 + M 2 ) 4 



and 



\y\ 2 (a-\y\ 2 ) ,_ 
(1 + M 2 ) 4 y 



= (o+l) 



dy 



dy 



R2 (1 + l?/| 2 ) 4 



d y _ / 9 _ 

(l + |y|2)3-^ a ^ 6 



-(2+o) 



d;y 



R2 (1 + M 2 ) 3 



-(1+a) 



The Lemma is completely established. 



dy _ , _ 9 x7T 
□ 



We are now ready to establish the expansion of Ja(M / ): 

Theorem 3.2. Assume (|19p - (|20[) . The following expansion does hold 

J\{W) = -87rm-Alog(7rm)-327r 2 (^„ l (0 + 2(A-87rrn)log(5 + A(0^ 2 log ( 5-y3 x (0(5 2 + o((5 2 ) (29) 

m C 2 (R) and C X (E) as 5 -> 0+, w/iere <£> m (£), and are aiven &y (g]), © and ((551) . 

respective/?/. 
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Remark 3.3. If the cut-off function \ nas support in B r+n (0) with r + rj < 2ro (instead of 
B2r (0)) and x = 1 in B r (0), letting first -q — > + and then r — > + we obtain that the constant 
B x (£) given in ([33]) tends to 



B(0 = -2w£[A aPj (t J )-2K(t J )p j (&)]]Dgp j (&) 



A(0 



3 = 1 



lim 

r->0 



S\UJi ^.fe) 



o_ m I 



3=1 



Notice that is independent on the choice of \ and B(£) is well-defined in view of (|3"T1 
The proof will be divided into several steps. 

Proof (of (|29|) in C(R x H)): First, let us consider the term 

( \WW\]dv g = / W(-A g W)dv g = jr ( xje-^e u ^Widv g 

J S J S j ^ ^JS 

in view of f s Wdv g = 0. Since by © and (0 

f Xje~' p >e u iG(x,Z l )dv g = f (-AgPUjGfa&dVg = PU S (&) 
Js Js 

for all j, I = 1, . . . , m, by Lemmata 12. 11 l3~Tl and ([30| we have that for I = j 
\,< -V \V j( lr., 

X 3 e-^e u > [ Xj {Uj - log(8^ 2 )) + ^H{x,^) + a Sj<Cj - 26 2 F^] dv g + 0(S 4 \ log<S|) 



(30) 



Xj log 



(S 2 + \y^)\ 2 ) 2 



• 8ttG(x,^) • n, 2S 2 F^ 



d« s + 0(J 4 | lo g J|) 



= 8 



X2( ^' l2/I) ■ log T, lV L,, dy + toPUjfa) + Snas^ - lfonS^ &) 



B 2ro/ ^(o)(i + H 2 ) 2 °(i + M 2 ) 2 

0(<5 4 | log<5| 2 ) = -16tt - 32 7 rlog(5 J + 64ir 2 H{^,^) + 167ra* Jl& - 32tt^J^ (&) + 0(5 4 | log5| 2 ) 



in view of 



^ .lQg„ 'f, 0> „ = 27T 



2 (l + |y| 2 ) 2 b (l + M 2 ) 2 



■ log = — 2n 



(1 + s) 2 °l + s 



ds 



(1 + a)' 



= -2n 



by means of an integration by parts. Similarly, by Lemmata 12 . 1 [ [3~T1 and p0[) we have that for 
1*3 



Setting 



\,< ' e v H W<-, = / xjer^e^ [8ttG(x,Zi) + a Suil - 25 2 F^\ dv g + 0(6 4 \logS\) 
Js 

= 647r 2 G(6,^) +87r(a 4 ., f . +a, Ii6 ) - 16tt((S?F € . (6) + 6?F 6 &)) + 0(<5 4 | log<5| 2 ). 



3=1 3=1 
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summing up the two previous expansions, for the gradient term we get that 

If m 

- / \VW\ 2 g dv g = -8ttto- 167rmlog5- 32ir 2 <p m (£) +8irma s , li - 16tt V^jfe) + o{5 2 

2 Js 



3=1 



in view of (jTHJ) and 



3=1 L J = 1 



327rVm(<e)- 



Let us now expand the potential term in J\(W). By Lemma 12.11 for any j = 1, . . . , m we find 
that 



ke w dv a 



1 



^. e (7 3 -log(8 I 5 J 2 )+« 5 ,5-2F 5 , 4 +0(5 4 |log I 5|) d ^ 



8S 2 



AJ e P3V uu 9 °°J I |„, /_\|/ 



XjPj 



■dv a + 0(6 A \\o g 6\) 



By Lemma \'S . 1 1 ( with /(a;) = e Vj pje as <s 2Fa .e) we can now deduce that 

8<5| / fee^ - torpji&e **- 2 **^) - 47r (A^fo) - 2Kfo)p j (Z j )) 5] log*,- 



+8ft 



d« - 8(5? 



efo 9 + o(5 2 ) 



^ (&) 



in view of ly( P ( x)l i = he 8 * ^7=i G ( x &) in B ra (^) and by (T3J) 
On the other hand, we have that 



(31) 



ke w dv„ 



S\uf =1 B ro (^) 



ke 87T ^T=i G ^ x ^dv g + 0{5 2 \ log<J|). 



Since 



£ e -2^, e « 3 -) = m _ 2 £ Fi5 ^. ) + 0( ^ 



3=1 



and by (fT§)) there holds 

we then obtain that 
1 



S 2 log 5j = P j {Cj)6 2 log S + - Pi (Q log p 3 (Q5 2 



- a ^S 2 I ke w dv n =m 



8tt 



where 



B x (0 = -27rf> gft &) - 2iffe) Pj fe); logpj &) ~ ^ ( j[ 2 X/(bl ^ 0g H + tt 



(32) 



(33) 
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Finally, we get the following expansion for Js-KmiW) as 6 — » 0: 

J 8 ,m(W) = -87rm(l + log(Trm)) - 327rVm(£) + ^(O^ 2 log* - 5 X (£)<S 2 + o(<5 2 ). (34) 

Since 

log / ke w dv g = -2 log 5 + \og{nm) + 0{5 2 \ log 5\), 
Js 

by (|20|) we then deduce that 

J A (W) = J 87rro (W0 — (A - 8irm) log / fce w <fo fl 

Js 

= Ja*m(W) - (A - 87rm)(-21og<5 + log(irm)) + 0(5 4 | log5| 2 ) 
and the proof is complete. □ 

We establish now expansion (f29| in a C 1 -sense in £, where the derivatives in £ are with respect 
to a given coordinate system. 

Proof (of (|29[) in C 1 (S)): We just need to expand the derivatives of Ja(W) in £. Let us fix 
i G {1,2} and j £ {!,..., m}. We have that 



% 3)i [J A (W)] 



A a W 



Xke 



Arguing as in Lemma |2.1[ it is easy to show that 

= ~ 2 g2 + ,^ (x) | 2 Wl 2 +^ 2 % 3 ),(logP g fe))] (35) 

-41og\yt q (x)\d {i]hXq + 8nd {(]h H( X ,Q + 0(5 2 \log6\) 
does hold uniformly in S. In particular there hold 

feW* = - 167r j| + |%,%)l a ^ ),Gfe ' ^ + ° ( ^' l0gJ|) V ^ j 
uniformly in S and 

S (€j)4 Wj = Stt^G^-) + 0(5 2 | log<5|) 

locally uniformly in S \ Then we have that: 

- for q ^ 1,3 



f X i^ Vl e Ul d {ij)l W q dv g = 0(<5 2 |log<5|) 
Js 



in view of \iXq = 0; 
- for I ^ j 



Xie-^d^WidVg = -l^d {ij)l G{^) fxh' vl e Vl ^ ^j-^ dv g + 0(8 2 \ log 6\) 



I Br 

= -64 7 r 2 %. )i G(e;,e j -)+0(5 2 |log5|) 
and 

Xie-^d^WidVg = 64tt 2 % 3)i G(6,G) + 0(S 2 \logS\) 
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in view of Lemma 13.11 So we have that for I j 

Xie- v 'e u 'd {ij)i Wdv g = 0(S 2 \\ogS\). 

If I = j , by Lemma 13.11 we have that 

/ X] e^e u >d^ h Wdv g = f xje-neV'd^WjdVg + OiPlhgSfi 
Js Js 

Xje-^e^ [xAi 3 )M - log(8^ 2 )) + tord^Hfatj)] dv g + 0(S 2 \ log*|) 



= d, 



Xje-Wef'dvg 



+ / xje-neV'dtowdv, - 8wd [Cj)i logp.fe) + <»1^, //;.r.£ ; s 



+0(<5 2 |log<5|) = -87r%. )i logp i fe-)+64 7 r 2 %. )i lf(a:,^) + 0(r5 2 1 log <5|) 



in view of d (Aj)z log(85|) = %.). logPj-(^), <%.).<^(^) = and 

|y| 2 -i 



(i + M 2 ) : 



In view of J" g 9(£.) ( W£ZUg = we can compute 



A g Wd iSj)i Wdv g = 



m « 



-87%.), logp.fe) + 64tt 2 % //;,•.(•,. 
-32ir 2 d (Aj) ^ m (0 + O(6 2 \\og5\) 



0(S 2 \ log S\) 



(36) 



in view of G(xi,X2) — G{x2,x\) for all x\ ^ X2 and d^.^H(x,^j) = l^.-^I-ff (£?'£?')]• ^ n 
order to give an expansion of the second term in 9(£.) 4 [Ja(W')], first observe that by Lemma 
O there hold fee 14 ' = ^^e^l + 0(S 2 )} uniformly in B ro (^) and ke w = 0(1) uniformly in 
5 \ U^B^^)- So we have that 

8e~ a >-e / fce^fl^Wfo,, = V 5, 2 / ^(1 + 0(5 2 ))%. )( W^ S + 0(1) 



*j 2 / 



(1+0(0)^)^^-16^53^)^(6,^) / 
+8tt5]5- 2 / p g e^%. )iJ ff( a; ,6)dv s +0(|log5|) 



E/, dv 9 



Si+\vt,(z)\' 



in view of d^.^.Wi = 8tt9(£.) ( H(x, &) + 0(5 2 | log <5 1 ) in B ro (t; q ) when q ^ Z. Since 

d^Wj = Xjd^Pi - log(8£ 2 )] - 41og | %J (x)|%. )<Xj + 87r% 3)i ff(x,e,) + 0(5 2 | Iog*|), 
we have that 



X3Pje Ui d { t j)t U j dv g + / Xifte^ [87r% j3i F(x,^) - lo g(0j (^)] + 0(<5 2 | log<5|) 



XjPj& Ui dv g 



d {(jh logp 3 &) / XiPie^+O^llog^l) 
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in view of £%.) 4 log Pj(x) = 8ird(£.).H(x,£,j). Since by the Taylor expansion of e^ffto^ 1 ) at 
and the symmetries we have that 



a 



XjPje u idv g 



+% J ) l logp J (0) 

in view of du. 
then deduce that 



B2r- (0) 



B2r (0) L 

x{\y\)e^\ P] oy^){y)^ + WY 



2 1 2 



dy 



2 {\y\ 2 -5 2 ) 

' ^ = 87r%. )iPj -(0) + 0(S 2 \ log S\) 



e^ (0) (Pi °% 1 )(°)J = %,)iPj(&) and / K a = °' by LemmaOwc 

fte ^% 3 . )4 ^d % = 0(5 2 |log5|). 



Br (£j) 

Since by the Taylor expansion of e^' (pi ° y^ 1 ) at and the symmetries we have that 



«/ ie *? + llfe(*)l s 



U, dV 9 



by Lemma 13.11 we obtain that 



e~ Q « / ke w d {ij)i Wdv g 



K 2 



! (TTW dy + 0(1H S + ° (1) ' 



s 2 



(37) 



Since by © / s fce^dwg = ^e Q « (l + 0(<5 2 | log J|)), we finally get that 

ke w 

sf s ke w dv g «»>• 9 

= --^% j)i G(6,^) + -E% J ).^'^) + o ^ 2 l lo g^) = °( ,52 l l0 g ,5 l) 

in view of G(&,£j) = H(£i,£j) for Z 7^ j. In conclusion, by (l36)) - (l37l) we can write 

d( £j )A^m(W)] = -32ir 2 d iijh tp m (0+O(6 2 \log6\). (38) 
By (HI we have that %.). [J\(W)] = d (i])i [J 8 ^(W)} +0{5 2 \ log <5|), and the proof is complete. □ 

Finally, we address the expansions for the derivatives of J\(W) in S. 

Proof (of (|29p in C 2 (M)): We just focus on the first and second derivative of J\iW) in 5. Since 

1 

ds — Pi (6)^(5; m view of (fl"9|) . arguing as in Lemma \2. 11 it is easy to show that 

45, 



Pi Htl)d S Wi = - X l 
Pi\il)d ss Wi=4, X l 



+ -4^, +0(<5 3 |log<5|) 

sf-\y^)\ 2 



(S 2 + \y (l (x)\ 2 ) 2 



+ 7«„6-4Fft +0(^1 log «|) 



(39) 
(40) 



do hold uniformly in S, where 



87F A1 X ± ASl 

\s\ g W\ 



e <Pt(v) - 1 

x(l»D — ^2 — d y 



|y| 
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and 

7^,6 =-7^7 log 5; + T— / — dy-lix- / cfy 

By Lemma 13. II we then have that 

PlHti) [ Xje-^e u W s Widv g 
Js 

X 3 Xie-^e u ^ dv g + 8np Sl , (l - 32^ + 0(S 3 \ \ogS\ 2 ) 

°j JB rg/5 .(o) i 1 + w\ ) 



~S jt + &rft„ Cl ~ 32^, &•) + 0(5 3 | log<5| 2 ), 



Pi _1 (C0 / Xje-^e^dssWidVg 
Js 

= iJ s XiXie- Vi e u ' (^+1^)12)2 ^ + ^..ft " 32 ^(G) + 0(<5 2 | lo g( 5| 2 ) 

+ 87T7*„ 6 - 32ttF 6 (0) + 0(5 2 | \ogS\ 2 ) 



32 



5 1 " Jb^w 



2 



(i + M 2 ) 4 (i + M 2 ) 3 



i^fy + 8*7*,*, - 32^, (0) + 0(<5 2 | log^l 2 ) 



3^ 



and 



J s Xje- Vi e u 'd s U j d 6 W l dv g = lp;HZi) J g X^ e u > ^ dsW lt lv g 



+0(8 2 \log8\) = ^p j (t[ j )h jl + 0(S'r) 



35? 



in view of J R2 ^\ y \s\a dy — 0, where Sji denotes the Kronecker's symbol. Since J s dsWdv g 
J s dssWdvg = 0, we then deduce the following expansions: 



« m - 

\ (-A g W)d s Wdv g = ]T / 



Xj e-^e u W s Widv g (41) 

. m m 

-^ + 8^^^(6)^,5,-32^ ^ Pi te)^fe-) + 0(<S 3 |lo g( 5| 2 ), 
i=i j,j=i 



(-A fl W)0 w Wdw fl = V / Xje-^e^dBsWidVg (42) 

- m m 

^ + 87rm53 Pl (6)7«„6 - 32tt £ W &)F 6 fo) + 0(5 2 |log5| 2 ) 



and 

jl=1 Js 



Z5 2 



0(<5 7 ) (43) 
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as S — > 0. Since by Lemma \2 . 1 1 there hold 

a sx -2F 5-( (x) 

ke w = — 2 Pj e u i[l + 0(5*\log5\)} 

uniformly in B ro fe) and ke w = 0(1), dgW = 0(S\logS\) uniformly in S \ Uf =1 B ro (^), by 
Lemma 13.11 we can write that 



/ ke w d s Wdv g = V / ke w d s Widv g + 0(S\ log<5|) 

J s 3 J=l J B ro {i 3 ) 



j=l "-BroW) 3 'I y 1=1 jj=l 

( <P 



m a$ £ /a 

+od io g 5i) = - J2 V ^ e ~ 2F5 ' ste) + T(A S ftfe) - mti)pj&)) 



3=1 



( m £tf -4 £ ptowe*) I +o(<5- i+ ^) 



d 



/=1 



V -T +m E^(^-^(() + 0(f 



in view of (|3Tj) and 

m ~ m m 

^E e " 2%fe) = 7 - 1 £ + °(^ 3 ) = 7 - 2 E Pi* (6)^e.(6) + o(^ 3 ). (44) 

3=1 3,1=1 ' 3,1=1 

Combining with (j3"2")l we then get that 

j m 



m<5 



which yields to 



/■ f ke w dxWc 

ds[J^ m (W)\ = j(-b g W)d s Wdo g - 8nm JS j fc ^^ 



( s ke w dv g 

2A(0* logJ + [A(0 - 2fl x (0]a + o(5). (46) 



Since by O and (gSJ) there holds 



r^ o n Is ke w d s Wdv g 2(\-8nm) ^. r3|1 _. a . 
by (|46l) we deduce the validity of (|29|) for the first derivative in 5. 

Towards the expansion of the second derivative, we proceed in a similar way with the aid of the 
expansion for d$$ Wi. Since 

ke w = — 2 Pj e v * [1 + 0(5 4 |log5|)] 
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and ke w = 0(1), d ss W+ (d s W) 2 = 0{\ \og6\) do hold uniformly in B r<) (^) and S , \u;™ 1 B ro (^), 



respectively, by Lemma 13. II we can write that 

/ fce w [0 M W + (W) 2 ]^ = V / ke w [d ss W + (d s W) 2 ]dv g + 0{\ \ogS\) 

H 26 ■'"'.k-i («?+i«,wi 2 ) 2 * 

m Qs . U / m m \ 



" 7r_ ^2~ I ^E^h^e.^E M6)^fe) ] +o(|io g J| 2 ), 

(=1 3,i=l 



and then 



/ ke w [d S sW + (d s W) 2 ]dv g = ^ 2F ^ ] + ^gPjfa) ~ 2K(^) Pj (Q) 

. m / m m \ m m 

-tE E^? (6 ) a, ,6 -«E« (6)^, & ) + «» E « (f« )^« .c. - 4 E <°< (& ) + °(<^ 

j=i \i=i j=i / i=i j,/=i 



in view of (|3"T|) and (HU). Combining with (l3"2"j) we then get that 

jgfce^cW + ^WQ 2 ]^ _ _6_ 3.4(g) 
L ke w dv a 6 2 Anm 

JS 9 l=1 



Iog5 + EP«(6)7«„6 (47) 



Since 



, Lke w [d 5S W +(d 5 W) 2 ]dv q 
d ss [Jx(W)} = / (-A ff WOcWdu fl - l — V d ' J 9 



by ([42]), (g3j|, (gSJl and fl47]) we deduce that 

d ss [J 8 „ m (W)} =2A(0log« + 3A(0-2fl x (0 + o(l). (48) 
Since by flU, 05} and g7]) 



(A - 87rm) 



/ s /ce^cfog V Is ke w dv. 



_ A — 8irm - /rSl , 
= 2 ^ + 0(<5 2 | log<5| 2 ), 



by (|48| we deduce the validity of (f29|) also for the second derivative in 5, and the proof is 
complete. □ 
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4 Variational reduction and proof of main results 



In the so-called nonlinear Lyapunov-Schimdt reduction, the first step is the solvability theory for 
the operator L given in (|22|) . obtained as the linearization of (JT]) at the approximating solution W . 
As 8 —> observe that formally the operator L, scaled and centered at by setting y = y^. (x) / 5j , 
approaches L defined in R 2 as 



(1 + WY \* » V (1 + M") 

Due to the intrinsic invariances, the kernel of L in _L°°(1R 2 ) is non-empty and is spanned by 1 
and Yj, j — 0, 1, 2, where 

Y ^y) = TTW' i = 1 > 2 > and Y ^y) = 2l TT$- 

Since [HJ [T7] it is by now rather standard to show the invertibility of L in a suitable "orthogonal" 
space, and a sketched proof of it will be given in Appendix A. However, for Dirichlet Liouville- 
type equations on bounded domains as in |12[|17j . the corresponding limiting operator L takes the 
form L(cf)) = Acj) + ^ 1+ ^yi <t> and the function 1 does not belong to its kernel, making possible to 
disregard the "dilation parameters" <5; in the reduction. As we will see, one additional parameter 8 
is needed in the reduction and in this respect our problem displays a new feature w.r.t. Dirichlet 
Liouville-type equations, making our situation very similar to the one arising in the study of 
critical problems in higher dimension. 

To be more precise, for i = 0, 1, 2 and j = 1, . . . , m introduce the functions 

2fcN^ for, = 



s]+\y ij ^)\ 2 for i 1,2, 



and set Z — E] Z i- For i = 1, 2 and j = 1, . . . , m, let PZ, PZij be the projections of Z , Z^ as 



i=i 

the solutions in H of 

AgPZ = XjAgZ - J^Jg XjAgZdVg 

AgPZij = X] Ag Zij - js] J s X] A g Zij dvg . 
We have the following result: 

Proposition 4.1. There exists So > so that for all < <5 < So, h £ C(S) with J s hdv g = 0, 
£ € 5 there is a unique solution <f> G H n W^ 2 ' 2 (S') and Co, cy € K o/ 

2 m 

L{4>) = h + c A g PZ + Y J ^c ij A g PZ ij inS 

i=i j=i \ ' 

J S (j)AgPZdVg = J s <j>AgPZijdVg =0 V 1 = 1 , 2 , j = 1 , . . . , 171. 

Moreover, the map (S, £) i— > (0, Co,^) is twice- differentiable in 8 and one-differentiable in £ wzi/i 

2 m 

»=i j=i 

2 m ^ I , (~|2 

Halloo + EE W d ^)Moo + M-^ll^||oo < C ] -^±\\h\U (52) 

z— 1 j — 1 ' ' 

for some C > 0. 
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Let us recall that u = W + <f> solves ([TJ if <fi 6 H does satisfy (|21l) . Since the operator L is not 
fully invertible, in view of Proposition 14. 1 1 one can solve the nonlinear problem (|21[) just up to a 
linear combination of A g PZ and A g PZij, as explained in the following: 

Proposition 4.2. There exists S > so that for all < S < <5 0; £ € 3 problem 

2 m 

L(c/>) = -[R + N(<f>)] + coA g PZ + J2J2 c ii A 9 PZ v mS 

»=i j=i ^ ' 

[ / g (j)A g PZdV g = fg (j)AgPZ tJ dV g =0 V * = 1 , 2, J = 1, . . . , T7» 

admits a unique solution (j>(6,£) € H f] W 2,2 (S) and cq(S, £), Cjj(<5,£) € -2?, i = 1,2 and j = 
l,...,m, where 5j > are as m (|19[) and iV, i? are given by (|23p . (124)) . respectively. Moreover, 
the map (<5, £) n- (</>(o",£),co(5,£),Cij (£,£)) is twice- differ entiable in S and one- differ -entiable in £ 



I0IU < C(«5|lo g( 5||V^ m (Ol s + ^ CT |log^ 2 ) (54) 

2 m 

|9^IU + E E H%i)^IU < C (| log<5| 2 |V^„(£)| s + S 1 -*] log<5| 3 ) (55) 
i=i i=i 

|a«0||oo < C logo| 3 |V<^ m (£)| 9 + <T ff | logo| 4 ) . (56) 



The function W + <t>(8,£) will be a true solution of ([2~Tj) if 6 and £ are such that Co(S, £) = 
Cy(o~, £) = for all i = 1,2, and j = l,...,m. This problem is equivalent to finding critical 
points of the reduced energy E\(5,£) = J\(W + <t>{8, £)), where J\ is given by ([3]), as stated in 

Lemma 4.3. There exists So such that, if (<$,£) € (0, oo] x S is a critical point of E\, then 
u — W + (fi(S,£) is a solution of (|T|), where 5i are given by (|19p . 

Once equation ([T]) has been reduced to the search of c.p.'s for E\, it becomes crucial to show 
that the main asymptotic term of E\ is given by J\(W), for which an expansion has been given 
in Theorem 13.21 More precisely, we have that 



Theorem 4.4. Assume (|19p - (|20[) . The following expansion does hold 

Ex(S,0 = -87rm- Alog(Trrn) - 32vrVm(£) +2(A- 8vrm)log(5 + A(£)<5 2 log(5 (57) 
-B x (Z)6 2 +o(5 2 )+r x (6,0 

in C 2 (R) and C^S) as 6 0+ , where <^ m (£), and B x (£) are given by Q, ([§) and ([531 . 

respectively. The term r\ (5, £) satisfies 

M<u)l + \^i5\ lVrx{s '° l + \]£of ld55rxis '°\ - cs2 \ l °s s \ ( 58 ) 

/or some C > independent of (5, £) G (0, Jo] x S. 

We are now in position to establish the main result stated in the Introduction. 

Proof (of Theorem [T75]) : According to Lemma [4.31 we just need to find a critical point of 
E\(S,£). By Theorem 14.41 for A > 8wm we have that 



(6d s E x )W\ W/v£) = 2 + A(01og(A _ 87rTO y + 2A(0/x 2 logM+(A(0 _ 2Sx(6)M2 



A — 87rm 



-o(l) + O (V | log(VA-87rm^)| 2 |V^ m (e)| 
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and 



2 + A(On 2 [2 log /it + log(A - 87rm) + 3] - 2£ x (£)m 2 



+o(l) + O (^ 2 |log(VA~87rm M )| 3 |V^ m (0|g) 



as A — > 87rm. By assumption we can find ao > small and a suitable cut-off function \ so that 
B x (£) > for all £ € £/ with |A(£)| < a . Let 

P A = U G C/ : |VvJ m (Ol fl < V2 | log(A - 8™)r 3 } 
and consider the interval 



/a = 

where 



mn 



V|log(A-87rm)| 



< m = inf |^(C)|" 5 , M = 2 sup 5 X 2 (£) < +oo. 

« eC/ {«e£/:|^(S)|<a } 

For A close to 87rm and for all £ £ T> x we have that 



{Sd 5 E x )WX-8Tnnfi,0 



A — 87rm 



VI lo g (A-87rm)| 

in view of A{£)m^ < 1, and 



= a-^d+odD-^m - +0(1) > o 



(<Sa 4 S A )(VA-87rm/i,0 



= 2 - A(£)M 2 | log(A - 8ttto)|(1 + o(l)) - 2B X (£)M 2 + o(l) < 



A — Stttti 

since either > a or < < a , B X (£)M 2 > 4. Moreover, in J A x 2?a we have that 



A — 87rm 

since either A(£) > ao or < < ao, B x (£) > 0. So, for all A close to 8nm and £ £ Z?a there 
exists an unique /x(A, £) € Int /a so that <5(A, £) := y/X— 8nmfJ,(X, £) satisfies dsE\(5(\, £), £) = 0. 
Moreover, by the IFT the map £ G 2?a — > S(X, £) is a C 1 — function of £ with 



in view of M 2 (A, ()\d ss E x ^X - 8% mt i{X, 0,01 > 1 and 9s^E x (5, £) = 0(6\ log 5\ + \ \ogS\ 3 \ V<p m (.€)\] 
(as it can be easily shown by the methods in the proof of Theorem I3.2j) . 

The aim now is to extend the map S(X, £) to the whole U in a C 1 — way. Letting r\ € Cq°[— 2,2] 
be a cut-off function so that r\ = 1 in [—1, 1], we define the C 1 — extension S of 5 to I? as 



6(X,0 = ry (I log(A - 87rm)| 6 | V^ m (5)| 2 ) *(A, + VA - 8vrm 



l-r,(|log(A-87rm)| 6 |V(p m (0| 



and E x (0 = E x (5(\,£),g). Since |<%<5(A, £)l = 0(|log(A - 87rm)|- 3 ), by Theorem EU we have 
that 

E\(0 = -8vrm - Alog(Trm) - 327rVm(f) + 0(\X - 87rm| | log(A - 8ttto)|) 

and 



V e E x (0 =V s E x (S(X,0,0+dsEx(S(X,0,0^S(X,0 = -32jT 2 V^ m (0+O(V X - 8nm\ log(A-8^m)| 2 ) 
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uniformly in £ € U. Since I? is a stable critical set of ip mi we find a critical point £a G U of 
£ A (£). By V € £a(60 = we S et that 

Vy m (6) = 0(VA-87rm| log (A - 8^m)| 2 ), 

and then £ A 6 2?a- Moreover 5(A,£) = <5(A,£) satisfies dsE\(S(X, £a) = 0, and then 
V^Ex(^x) = is equivalent to \7^E\(S(X, £a), £\) — 0. In conclusion, up to take U smaller 
so that V</? m (£) 7^ for all £ G {/ \ 2?, the pair (<5(A, £a)j 60 is a c.p. of E\(5,{;) and, along a 
sub-sequence, ^^gePasA-^ 87rra. By construction, the corresponding solution has the 
required asymptotic properties. □ 

Remark 4.5. i) The validity of condition © just on D is enough to provide Theorem 1 1.51 in the 
case of T> = {£o}j where £o is a non-degenerate local minimum/maximum point of ip m . In this 
case, we just consider a small ball B Sx (£o) as V\, with s\ = | log(A — 87tto)| -3 . Since A(£o) > 
and V<p m (£o) = we have that A(t;) > — CqS\ and |V<y9 m (£)| g < CqS\ for all £ € i?s A (£o) and 
some Co > 0. Since B x (£) > for all £ € £? Sa (£o) for a suitable cut-off function x if ^4(£o) = 0, 
it is easy to see as before that for A close to 87rm and for all £ S i? SA (^o) 



dsEx(y/\-8-irmiJ.,£) > 0, d s E x (V\ - 87rmM, 



with 



VI lo E (A-S™)| 

dssE\(V\ - 87rm/x, £) < --^ 



< 

jU=M 



in /a x B SA (£o)- So, for all A close to 87rm we can still find a C 1 — map £ € _B SA (£o) — #(A, £) 
so that 0,£ A (<5(A,O,O = 0. Setting E x (0 = E x (S(\,0,0 for £ € £ Sa (£ ), by Theorem SH we 
have that 

E x (0 = ~8nm - Alog(Trm) - 32ttV™(£) + 0(|A - 8vrm| | log (A - 87rm)|). 

Since by the non-degeneracy of £o we have on dB Sx (£$) that <£> m (£) > Vm(£o) + Ci s a / ^mCO < 
^9 m ((o) — C\s\ for some Ci > 0, we can find an interior minimum/maximum point £ A G E Sx (^q) 
of £ A (£) on B SA (£o). By d 6 E x (8(\, 60, 60 = 0, we also deduce that V ? -E A (5(A, 6), 6) = 0, and 
the pair (<5(A, £ A ), £ A ) is the c.p. of Ex(S,t;) we were searching for. 

ii) If © docs hold just in T>, Theorem ll.5l is also valid in the special case = 0(\V(p m (£)\ g )- 

Indeed, condition © reduces to B(£) > (< 0) on T> and in T> x we have that A(£) > — Cq\ log(A— 
87rm)|~ 3 for some Co > 0. Similarly as in point (i), it is still possible to define the map £ € 
T>x — > <5(A,£), and the remaining argument in the proof of Theorem 11.51 works also in this case 
by extending 8(X, £) on a small neighborhood U of T> in S m \ A. 



5 Proof of Theorem 11.61 

In this section, we shall study the existence of non-topological solutions of ([TU]) . To this purpose 
we look for a solution to the equivalent problem (|11[) of the form w = u + c_ (u) with J T u = 
and we are lead to study (fl"2"|) . Assume that N is even, so that equation (TT21 is a perturbation 
of ([I])A=87r?7i with m = y. Notice that the energy functional of (jTTJ) is given by 

l{w) = \f T |V^| 2 + ^ j T (ke w -if + ^-J^w, w e H\T). 

r fc 2 e 2 " 8ttNc 2 
Introduce the notation C(u) := 16ttN—^— — — , so that e c ~^ — ; =- and 



I e (u) := I t {u + c_(u)) = J 47rJ v(w) - 47riVlog (l + \/l - e 2 C(u)) 



4tt7V 



47riVlog(87riVe 2 ) + - 2nN. 



i + yr^cR 

T| 
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Hence, if u E A t — {u E H \ e 2 C(u) < 1} is a critical point of I £ with e 2 C(u) < 1, then u + c_(w) 
is a solution to ([TT]) and u is a solution to (fT2|) . Observe that I e is a perturbation of J% mn as 
e — > + , in view of 4ttN — 87rm. 

Given m distinct points £j E T \ {pi, . . . ,pi}, j — 1, . . . , m, we will define <5j according to (fl9|) 
and assume 

3C> 1 : e < CV5 2 . (60) 

m 

Letting W(x) = W}(a;), we look for a solution of (fT2|) in the form u = + for some small 

remainder term (p. In terms of cj), problem (|T2|) is equivalent to find cf> E H so that W + (j> E A t 
and 

L e (0) = _[i^ + jv £ (</>)] inT. (61) 
The linear operator L e is defined as 

ke w ( f ke w d\ 



where 

A £ (0) 



(1 + ^l-e 2 CW) 2 VJr^ Jr fc2e 



47riVe 2 C*(W^) / ke w 2k 2 » 2W 



a2W 



J T he w c\> 
It ke w 



e 2 C(W) (S T k 2 e 2W <\> $ T ke w ct> 



(1 + y/l - e 2 C{W))^l - e 2 C{W) V S T k 2 e 2W J T ke w 
4nNke w e 2 C(W) (S T k 2 e 2W $ J T ke w ^ 



S T ke w + e 2 C{W))^l - e 2 C(W) \ St k%e ™ S T ke " 

Observe that L e is defined for all cf) E H. The nonlinear part N e is well-defined for (j> E H such 
that W + cf> E A e and is given by 

4ttN€ 2 C(W + <j>) f ke w +* fc 2 e 2(w+0) \ 
+ (1 + y/i ( 2 C{WTW \ St ^ W+ " " St k 2 eW) ) (62) 



4nNe 2 C(W) ( ke w k 2 e 



(l+^/l-e 2 C(W)) 2 \St^ W St^ 2W 



The approximation rate of W becomes 
' ke w J_\ 

J T ke w ~\T\) ' (l + ^l-e 2 C(W)f \S T k ^ St*?' 2 " 



ke w 1\ 4ttNc 2 C{W) ( ke w k 2 e 2W . 



Lemma 5.1. Let TV &e an even number and m = —. Assume (1191) cmd (1601) . There exists a 



We have that 

2 ' _ 

constant C > 0, independent of 8 > small, such that for all £ € 3 

||i? e ||* <C(5|V^ m (OI 9 + 5 2 - ff ). (64) 
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„ c ^. , ne „ 8irme 2 C(W) ( ke w k 2 e 2W , 

Proof: Fust, note that R = R Smn + ^==p (j^ " j^sH <*' 

N = 2m. As in (1261) we have that 



/ k 2 e 2W dx = f^ * / p|(x)e 2 ^(l + 0(5 2 |log5|))^ + 0(l) 

- 1 *q + °" "■"») + °W - ^ t ^ (' + OCI^D) ■ 

Hence, in T\\JjL 1 B ro (£j) there holds j^^w = 0(S 6 ) in view of W(x) = 0(1), and in B ro (^), 
j G {1, . . . , to}, there holds 

fc 2 e 2W 3<J 2 [p?(a:) + 0(<J 2 |log<$|)] 2u_ nfX 2u 



which summarize as follows: r fc fc 2 e2H - = Of <5 2 X^Jli Xj eC/j + ^XTVujtj B ro (£,-)) • On the other 



J T k 2 e 2W 64 7 rp 2 (0)E^i[P/te)]- 1 (l + O(^|log ( 5|)) 



hand, from (|26|) we get that 

which implies by (|60|) that for e and <5 sufficiently small W £ A e and 



87TTOe 2 C(W0 



(l + v /l-e 2 W))^ 



2nme 2 



C{W) + 0{[e 2 C{W)] 2 ) = 0(^). 



Therefore, by using (|2"T)l and the estimate on r fc ,3 2W we find the following estimate 



/ 2 m \ 



and then ||i? e — i?87rm||* = 0(e 2 5~ 2 ). Thus, in view of and (pO)l the conclusion follows. □ 

Now, we are going to establish the expansion of I t (W) . 

Theorem 5.2. Assume (|19l) and (|60[) . T/ie following expansion does hold 

\T\ - e 2 

I e (W) = ~16nm+8TTmlog(8e 2 ) + ^-32Tr 2 ip m ^)+A(^S 2 logS-B x ^)S 2 +B^)^+o(S 2 ) (66) 

in C 2 (R) and C^S) as 5 -> 0+ ; where (p m (Q, MO and B x(0 are 9 iven b V ©> © and 
respectively, and 

Proof: By (|65p we have that 

[1+Vl - e'C^)]- 1 = I + ^C(W)+0(^) , log (l+Vl - e 2 C(W)) = log 2- ^C(W)+0 (J)). 
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Hence, by using (1591) we find that 

in 

IJW) = JgivmiW) + 7rme 2 C(W) + 87rmlog(87rme 2 ) + ^4 - 8ttto + 0(e 4 <T 4 ). 

Thus, the expansion j66j follows by ([34]), @DJ) and C(l¥) = [nmS 2 ]- 1 B{C)[l + 0(S 2 \ logS\)] in 
view of (|65j) . Finally, the expansions for the derivatives follow similarly as in the proof of Theorem 
13.21 in view of 

a \t ru/M a r 7 ru/M ^ 47rme 2 fy[C(WQ] 

^ (1 + y/1 - t 2 C(W)) 2 

= dp[J 8wm (W)} + irme 2 d p {C(W)} + O(e 4 C(W)\d [C(W)}\) 
for either /3 = or [3 = S, and 

d ss [I e (W)} = d ss [J^ m (W)} + irme 2 dss{C(W)} + 0(e A C{W)\d ss [C(W)}\ + e 4 \d s [C(W)}\ 2 ), 
by using (|38[). (J3HJ) and the expansions for the derivatives of C(W) in the line of (1551) . □ 

Since L e and N e are small perturbations of L^m and N^m in view of ||A e (</>)||* = O^-p-H^Hoo) 

and N e (4>) = N 6nm ((f>) + O^H^HLJ , as for Proposition l4~2l in view of (JMP it follows 

Proposition 5.3. There exists Sq > so f/iaf /or a/Z < 6 < So, £ € 3 problem 

2 m 

L e (0) = + A^ € (0)] + c APZ + X! H Cij Apz ij in T 

i=i j=i 

/ T (f>APZ = j T (f>APZ i:j = V i = 1, 2, j = 1, . . . , m 

admits a unique solution (f>(8,£) G H D Ty 2 ' 2 (r) and Co(5, £), Cjj(<J,£) € ffi, i = 1,2 and j = 
1, . . . , to, where 5j > are as m (|19[) and iV £ , i? c are given by (|62[) . (|63[) . Moreover, the map 
(<$,£) 1— t> (</)(<5, f), Co(<5, f ), Cij(<5, f)) is twice- differentiate in S and one- differentiate in £ wii/i 



log -5| 



|log<5| 



<C|log<f| (5|V^ m (Ol s + <5 2 - ff ). 



Remark 5.4. Notice that if ||</>||oo < v8\ log <5| then W + 4> £ A e for (5 and e small enough. 
The function <f>(5,£) will be a solution to (|61l) . namely, W + <fi(6,£) will be a true solution 
of (fl"2"|) if S and £ are such that c (<5, £) = 0,(0", £) = for all i = 1,2, and j = l,...,m. 
Similarly to Lemma 14.31 this problem is equivalent to finding critical points of the reduced 
energy £ e (5,0 = I e (W + <P(5,0) ■ 

Theorem 5.5. Assume (|19[) and (|60|) . The following expansion does hold 

£ £ (<U) - -16^m+8^TOlog(8e 2 ) + ^-327r 2 ^ m (e)+A(05 2 logS~B x (^S 2 +B(^+o(5 2 )+r'(S^) 



in C 2 (R) and C^S) as 5 -> 0+, w/iere p m (£)> B x(£) a™d are given 6y (gj, ©, (33} 

and (|67p , respectively. The term r e (5, £) satisfies for some C > independent of (5, £) 

|r£( ' 5 ' 01 + Uoi^ |Vre(,U)l + UoW l^^'^l ^ Co 2 |logo||V^„(OI'- 

Proof (of Theorem ll.6p : Similarly to Theorem 11.51 to find a critical point of £ e (S, £) the key 
step is to get the existence of a function 5 = <5(e, £) = yfe/j,(e, f) such that £ (<5(e, £),£) = in a 
small neighborhood of the critical set V. Even if > for all £ e . . . ,p;}) m \ A, this 

is possible in view of B(£) > and "the correct sign" B(£) < in T>. The argument is based on 
the same one explained in Remark l4.5K h) and uses the crucial smallness property of A(£) near 
V: A(0 = 0(^(01?.). □ 
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6 Appendix A 

We consider the operator 

8nmke w ( J s ke W (j>dv g 



LsTrmifi) = A g (j) + 



9V ' J s ke w dv g y J s ke w dv g J ' 
for which we first address a-priori estimates when all the c^'s vanish: 

Proposition 6.1. There exists So > and C > so that, for all < 5 < 5q, h £ C(S) with 
J s hdvg = 0, £ G S and (f> £ Hq(S)DW 2,2 (S) a solution of (|50|) with L — L^m and cq — Cij = 0, 
i = l,2 and j = 1, . . . , m, one has 

|MU<C|log*|||/i||.. (68) 

Proof: By contradiction, assume the existence of sequences 5 — > 0, points ( £ S with £ — > £*, 
functions h with | log<5|||/i||* = o(l) and solutions </> with ||0||oo = 1- Recall that S 2 = 8 2 pj{£ > j). 

Setting JC = j™wj v an d tp = <t> ~ ^f-hw^T^ we nave tnat + ^ = h in S and ^ does 
satisfy the same orthogonality conditions as cf>. 

Since ||^n||oo < 2||0„|| oo < 2 and A g ip = o(l) in C^ QC (S \ . . . , £*„}), we can assume that 
^ — > "0oo in Cj oc ('5 \ {£i , • ■ • , Cm})- Since ipoc is bounded, it extends to an harmonic function in 

S, and then ^ =<%:=- lim ^e^t/ in view of M Xs ^ dw » = 

The function = ^{y^ 1 {5jy)) satisfies A*j H-ZC^*, = frj in B 2 r„ (0), where ^ = SjlCiy^ 1 (Sjy)) 

and ftj = S 2 h(y^(Sjy)). Since < C||/i||» and £j = / 1+ kj 2 \s (1 + 0(5 2 1 log uniformly in 
B-^ifi) in view of Lemma \2. II and (|3"2"j) . up to a sub-sequence, by elliptic estimates ^ — > 

in C^ oc (R 2 ), where ^.oo is a bounded solution of A^j yQO + (i+^tyi ^j.oo — of the form = 
2 

^ aijYi (see for example [1]). Since —A g PZij = Xj e ~ Vj eUj %ij ^jk] Is Xj e ~ ipjeUi Zijdv g in view 

i=0 

of PS|) and A g = e^ Vj A in -B2r (Cj) through , we have that 

Since then J ffi2 jj^yjiyjdy = 0, we deduce that aij = a2j = 0. By the other orthogonality 
condition J s ipA g PZ — similarly we deduce that 

m 

which implies a 0j = in view of J R2 ^j^pjg dy = 0. By dominated convergence we have that 



1 



Gfa&WdUg = -^ogS I ICHv g + j - — bg|y| + 



1 



2tt 



(l + |y| 2 ) 2 

H G te>^) / n ,? m2 ^j,«x»dy + o(l)^-j-logJ / W« fl + 4fl<y + o(l) 
, u + \y\ ) Js rn (e f ) 



in view of J* R2 log |y| nrn^W ^ = -f • In view of f s K.tp = and 

ll^l 



< CI log 5| / \h\dv g + 



s 9 ' S 2 



G{y,£j)dv g 



<C"|log<J|||/i|U=o(l), 
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by the Green's representation formula 



mm _ m „ m 

£*i(0)=£lK6) = r5f / ^*>* + £ / G(y,^)[/C^-/i]du fl = mco + 4^ a0j - + o(l) 
J= l j=i I I •'s j=1 Js j=1 

m m m 

which gives aoj = mco + 4 aoj as n — > +00. Since acy = 0, we get that cq = 0. 

3=1 3=1 3=1 

Following [17], let PZj e fl^(S) be s.t. A g PZj = Xj&g Z j - m\ Is \ Ag Z o dv g in 5, where 



( x ) = , ft(y) = I [2 log ^ +log(l + lyl 2 )]^^ + | T 



1-M 2 , 8 1 
ls/1 



\y\ 2 



satisfies e Vj A g Zj + e Uj Zj = e Uj Zoj in P^mfe)- Since it is easily seen that PZj = XjZj + 
^-H(-,^j) + 0(5 2 \ log 5 1 2 ) uniformly in S, we test the equation of i/j against PZj to get: 

/ i> Xj^gZj - -i- [ XjAgZjdvg dv g + ( ' K4 >F 'Z jdv g = [ Xj'tl^ A g Z - + fCZj]dv g + o(l) 



|S| 

Xj^ZoidVg + o(l) = 16 / ¥ 

JR 2 



1-M 2 

(i + M 2 ) 3 ' 



+ o(l) = / hPZ, = o(l) 



in view of f s K.ipdv g = 0, f s ipdv g — o(l), J s XjA g Zjdv g = O(l), JgXj^i^- ~ eUj ]Zjdv g — 
0(6 2 \\og6\ 2 ) and Jg/iP^ = 0(| log<J|||/i||*) = o(l). Since / Ra ^ ^i', dy = we have 
that aoj = 0. So far, we have shown that ip — > in Cj oc (5' \ {£*, . . . ,£ml) and uniformly in 
U51vBjm,(&), for allP>0. 

Setting ^(y) = ip(y^(y)), = K(y^(y)) and ^(y) = h(y^(y)) for y e P 2 r o (0), we have 

that e 1 ^ Aipj+fCjipj = hj. By now it is rather standard to show that the operator Lj = e ipj A+ICj 
satisfies the maximum principle in B r (0) \ BrsAO) for R large and r > small enough, see for 

example [12] ■ As a consequence, we get that ip — » in L°°(S'). Since j leWdv" ~^ c a l° n S a 
sub-sequence, HV'lloo — > implies — > c in L°°(S) with c = in view of f s 4> = 0, in contradiction 
with 1 1 <p\ I oo = 1. This completes the proof. □ 

We are now ready for 

Proof (of Proposition 14. ip : Since ||A 9 PZy||» < C for all i = 0, 1, 2, j = 1, . . . , m, and 

fce w / J s ke w <t>dv g S 



(A - 87rm)- 



J s ke w dv g \ J s ke w dv g 
by Proposition 16.11 for A close to 87rm any solution of ([5U]) satisfies 



OdA-STrmlll^lU), 



II 0|| 00 <C| log S\ 



IWI. + M+££|c«l 

»=1 3=1 



To estimate the values of the cy's, test equation ([50]) against PZij, i = 1, 2 and j = 1, . . . ,m: 

y 4>L{PZij)dVg= j hPZjjdVg + CQ ^ y AgPZmPZjjdVg + ^ ^ Cfcj y AgPZ k lPZijdVg. 



1=0 ■ 



k=l 1=1 



Since for j = 1, . . . , m we have the following estimates in (7(5) 

PZa=XjZi3+0(S), * = 1,2, PZ , = Xj (^+2) + 0((5 2 |log ( 5|), (69) 
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it readily follows that J s A g PZkiPZi 3 dv g = — ^j L 5ki5ij+0(S), where the Sij's are the Kronecker's 
symbols. By Lemma I2TTI (|2"0"|) . p?)) and dHSJ) we have that for i = 1,2 



L(PZ l3 ) = xA g Z l3 +e u ^PZ lJ +0[5 2 +5Y,^ Uk ) = e Ui [PZij - e" ?i Xi%] +0[S 2 + SJ2 ^ 



k=l 



fe=l 



/„ ke w PZ i:j dv g 
J s ke w dv g 



in view of Js f',.^"'.""' = 0(5), leading to ||i(PZy)||* = O(S). Similarly, we have that 



L(PZ) = ^AA + e^Zor-^x/l+O^ + O 



3=0 



fc=l 



fe=l 



in view of 



f s ke w PZojdvg _ j 



7=0 ^ fc=l ' 



f s ke w dv g 



= 2- + 0{8 2 \ log leading to ||L(PZ)||» =0(5). Hence, we get that 



K'o 



+EENi^ c, n /i ii*+ (50 (^ii-+i c oi+EEi c yi) ^c'liftii^iiog^o^coi+EEi^. 



i=i j=i 



i=l ] = 1 



i=l j=l 



2 m 



yielding to the desired estimates 



„ = 0(| log Spy and \co\ + EEM = To 

i=l j=l 

prove the solvability assertion, problem (|50[) is equivalent to finding tf> € H such that 



(V0, Vll>)gdVg 



Afce v 



J s ke^dv g 



J s ke w 4>dv g 

Is keWdv 9 



IpdVg 



VV € H, 



where H — {(f) £ H%(S) : J* s §A g PZ l3 dv g = J s (j}A g PZdv g = 0, i = 1, 2, j = 1, . . . ,m}. With 
the aid of Riesz representation theorem, the Fredholm's alternative guarantees unique solvability 
for any h provided that the homogeneous equation has only the trivial solution: for (|50[) with 
h = 0, the a- priori estimate (f5Tj) gives that = 0. 



So far, we have seen that, if T(h) denotes the unique solution (j> of (|50|) . the operator T is a 
continuous linear map from {h £ L ca (S) : J s hdv g = 0}, endowed with the || • ||*-norm, into 
{4> € L°°{S) : J s ,(j)dvg = 0}, endowed with |j • Hoo-norm. The argument below is heuristic but 
can be made completely rigourous. The operator T and the coefficients cq, Ci 3 arc diffcrentiable 
w.r.t. I = 1, . . . , m, or S. Differentiating equation (l50|) , we formally get that X = dpcj), where 
/3 = 6 with I = 1, . . . , m or j3 = S, satisfies L(X) = h((f>) + doA g PZ + J2i j di 3 A g PZ i3) where 



h{<t>) 



-d B 



Xke 



H' 



J s ke^dv g 



+ 



Xke 



w 



(J s ke^dv g y 



ke w 4>dv g 



Xke 



w 



(Jske^dvg) 



ke w d B W(j>dvg 



+c dp(A g PZ) + c l3 d B {A g PZ l3 ) 



'■3 



and do = dgco, dij — dpCij, and the orthogonality conditions become 

/ XAgPZ ij dVg = - [ ^(AgPZ^dVg , [ XAgPZdVg = - f (j)8 f 3 [Ag P Z)d V g . 

Js Js Js Js 

Find now coefficients bo, bij so that Y = X + boPZ + J^k i bkiPZki satisfies the orthogonality 
conditions J s YA g PZdv g = J s YA g PZijdv g — 0. The coefficients bo, bij have to satisfy an 
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I log (51 

almost diagonal system, and are then well-defined with |6 | +^ \b tj \ < &— jM-||/i||* in view of 



\dp(A g PZij)\\* < Hence, the function X can be uniquely expressed as X — T(f) 
J2 itj b l3 PZ l3 , where / = h{(b)+b a L{PZ)+J2 tJ hj I. ■: / '/, , : . Moreover, since ||^Vl^||oo + 

- r .. k. _ 



f , ||/C|U < C and ||^[ , ^ ]U. < ^(J s ke w dv g )- 1 we find that 



- b Q PZ - 
\\dpK\\* < 



\f\U < WMm* + M \\L(PZ)\U + J2\bii\ \\HPZv)\\* < C l -^\\h\U, 



and by (|51[) we deduce that for any first derivative 



HMU<C |log<5|||/|U 



1011 



Differentiating once more in S the equation satisfied by dg<f> and arguing as above, 
obtain that Hdaa^Hoo < C ' io f^ \\h\\*, and the proof is complete. 



we finally 
□ 



7 Appendix B 



By Proposition 14. 1 1 we now deduce the following. 

Proof (of Proposition |472|) : In terms of the operator T, problem (|53|) takes the form A((j>) 
<j>, where A(4>) := —T(R + N(<j>)). Given v > 0, let us consider the space 



S\ log S\ 1 V log(p, o y^ 1 ) (0) | + 6 2 -° | log 5| s 



Notice that if € then W + (j) £ At for 5 and e small enough. Since in view of Lemma 12.11 
and (1321) we have 



Xke w+ ^xil)2 Afee w +^i f s ke w+ *^idvg Afce w +^2 J s ke w ^^ x dv g 



J s ke w +*dv g {J s ke w +<t>dv g y 



(J s ke^+*dv B y 



Xke w+ * J s ke w +*i; 1 ^ 2 dv g ^ 2 \ke w +*{J s ke w +^^ 1 dv g )^ s ke w+ ^^ 2 dv g 



(J s ke w +*dv g y 



(f s ke*+*dv g )* 



< C|i^l||oo||-02||oo, 



for any 4>i,4>2 & F v we obtain that ||./V(0i) - N((j> 2 )\\* < C(||0i||oo + ||02)||oo)||</>i - (felloe and 
then 

\\A(<h) - ^(^a)Hoo < C| log JKI^lHoo + ||0 2 )||oo)||01 " foWoo < -Moo 

for S small in view of Proposition 14. 11 Moreover, we have that for any (j> £ T v 

m 

MWIloo < C|log5|(||0||^+p|U) < C|log*| HWl+Co 5|log<5|^|Vlog( Pj oy^)(0)| +5 2 -°\\og6\ 1 

in view of Lemma 12.21 Then, for v = 2Cq and 6 small A is a contraction mapping of T v into 
itself, and therefore has a unique fixed point <p € T v . 

By the Implicit Function Theorem it follows that the map (<$,£) — ► (<(>($, £),Co(6,£),Cij (5, £)) is 
(at least) twice-differentiable in 6 and one differentiable in £. Differentiating = —T(R + N(<fi)) 
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w.r.t. /3 = I = 1, . . . ,m, or /3 = S, we get that = —dpT(R + N ((/>)) - T(d R + dpN {<!>)). 
By Lemma 12.21 and ([52]) we have that 

\\dpT{R+N{<t>))\\oo < C l -^^(\\R\U+\\Nm*) = o(\ log<5| 2 jr |V log(p,oj / - 1 )(0)|+«5 1 -| log<5| 3 ) , 



3=1 



and, in view of ||9^W||oo < we can estimate 



h e w+<t> k e w 



-X 



(ke w+ *j s ke w+ 't'd f3 Wdv g ke w J s ke w d Wdv g ke w '</> J s ke w d Wdv g ke w J s ke w d Wcj)dv 
V (I S ke w ^dv g ) 2 {hke w dv g f (J s ke^dv g ) 2 



+2 keW (Ss ke w df}Wdv g ) (J s ke w <j>dv g ) \ ^( ke w+ ^ f s ke w+ *d^dv g ke w f s ke w d p 4>dv g ' 



(J s ke^dv g y J V {I s ke^dv a Y (J s *e W dv g ) 

as follows 

IIW^II. < cOis^iuii^ + ii^iuiiMU] 

= O (s\ log«5| 2 jr |V logfo o y -/)(0)| 2 + <5 3 - 2 H log5| 4 ) + o (j^f) -(70) 



2 



Since J s Xje ^e^dw^ = J R2 x(\y\) {6* Pj (&+\vn* d V> 



8S Pj ^ J ) we have that 



and 



\,< ' <' '/<',) = 8% Iogpjfe) £ ^3 + 0(5 2 ) = 0(<5 2 ) 



Since = and V<pj(£,j) = 0, we have that e~ Vj = 1 + 0(\y^ j (x)\ 2 ) and dp{xje~ Vj (#)) = 

0(1^ (a;) |), and then 

m 
3 = 1 

in view of |9^J7j| = 0(1), where the big O is estimated in || • ||*-norm. Since in B ro (£j) 

d tl W = B^Ui + 0(5 2 \log8\ + \y c .(x)\ + |Vlog( Pj o y^)(0)|) , d s W = d 5 U 3 -- § + 0(5\ log<J|), 

in the same line as Lemma 12.11 and 
\ke w - 

j keWdv = E w Vi t 1 + °(i v lQ g(ft ° + * 2 i lo s 5 i)] + °( s2 ) 

J S 3 ,7 — 1 

in view of (|27|) . by (f37|) and (j45j) we deduce for 



Xke w ( L ke w d W\ 
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the estimate 

\\dpR\U = o( £ iVlogfo o tf -i)(0)| + S 1 -^ log <S| 
Combining all the estimates, we then get that 

IIMoc = C>(| log^P E l V l °S(Pj ° ^ X )(°)l + ^"l ^g^l 3 ) + "(Halloo), 

which in turn provides the validity of f|55|) . We proceed in the same way to obtain the estimate 
(|56p on 9^50, and the proof is complete. □ 



Lemma 14.31 is rather standard and we will omit its proof. Since the problem has been reduced 
to find c.p.'s of the reduced energy E\(5, £) = J\(W + <p(5, £)), where J x is given by ([3]), the last 
key step is show that the main asymptotic term of E x is given by J\(W). 

Proof (of Theorem |474|) : Write 

J x {W+4>)-Jx{W) = DJ x (WM + D2Jx ^^ ,4,] + [ f [D 2 J x (W+tscj>)-D 2 J x (W)][cj )l 4,]tdsdt 
= -\\ R(t>dv a + l - f N(tf>)<t>dv g + I I [D 2 J x (W + ts<j ) )-D 2 J x (W)][^ ( j ) ]tdsdt, 

J S J S J « 

since DJ X (W)(4>) — ~ J s R<j>dv g and D 2 J\(W)[<fi, <j>] = — J s L{4>)(f>dv g in view of J s 4>dv g = 0, by 
(1551 we deduce that for 



oJo 



l i-x 



DJ X (WM+D 2 J X (W)10,0}= / N(<f>)4>dv g 

Js 

there holds the estimate 

\Dj x (w)[<f>] + D 2 j x (w)[ct>,ci>]\ = o(||JV(0)IWMU) =o(||0||2o). 

Since \$ s ke w dv g < J s ke w+t '*dv g < 2j s ke w dv g and | e w+^<#- _ e w | < Ce^H^, it is 
straighforward to see that 



f tdt [ ds[D 2 J x (W + tsct)) - D 2 J X (W)} 
Jo Jo 



and then we deduce that 

\j x (w + 0) - j x (w)\ = odiiiiLii^iu + Ml) = o {s 2 \\ og s\ |v^ ro (OI 2 + s 3 -°\ \ogS\ 2 ) 

in view of (fMf and 47rV^(/3 m (^) = V log(pj o )(0). Differentiating w.r.t. /3 = i = 1, . . . , m, 
or j3 = 5 we get that 

^[Ja(W + 0)-J a (W)] = -\l [dpR<t> + Rd p <l>\dv g + '~ f {d [N{ct>)}ct> + N{ct>)d <j>)dv g 

•J S J s 

+ f tdt f dsdp{[D 2 J x {W + ts<t>) -D 2 J X {W )][<MI- 
Jo Jo 

Since it is straightforward to see that 



tdt / dsdp{[D 2 J x {W + tscf>) -D 2 J X {W))[^,4>}} 



O(||^||Lll^||oo + ||0||L||W|oo), 



3G 



by (j70|) we deduce that 

muw + <t>) - Jx(w)}\ = odi^iziuii^u + pziWIMU + IHI^IMU + II0IILII Wl 

iiog^r 



= Of [5 s ! log*] |Vsp m (0l 2 + * 3_or | logtf| a ] ■ 

in view of (f5"4")) - (l5"5l) and He^WHoo = O(j). Arguing similarly for the second derivative in 8, we 
get that 

I d ss [ Jx (W + <t>) - J x (W)} | = O ( [8 2 1 log S\ | V<p m (0 1 2 + 8 3 ^ | log S\ 2 ] 

Combining the previous estimates on the difference J\(W + <fi) — J\(W) with the expansion of 
J\(W) contained in Theorem 13.21 we deduce the validity of the expansion (1571) with an error 
term which can be estimated (in C 2 (R) and C^S)) like o(5 2 ) + r\(5, £) as 8 -> 0, where t- a (<$,£) 
does satisfy □ 
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